ABSTRACT In this paper, we develop a reliability-based transit assignment model with capacity constraints that adopt a new stochastic overload delay formulation. The in-vehicle travel times and waiting times are set to random variables. We adopt the statistical characteristics of the normal distribution to model the stochastic overload delay. The stochastic overload delay gradually varies as the passenger flow changes. A method is developed based on the method of successive averages algorithm to solve the reliability-based transit assignment model. Moreover, numerical experiments are conducted to illustrate the properties of the proposed model and the efficiency of the proposed algorithm.
I. INTRODUCTION
The transit assignment problem is one of the most important problems for passengers and transportation researchers. Among the conventional transit assignment models, it is generally assumed that all transit lines have unlimited capacity to accommodate any transit demand. However, the travel costs are underestimated because passengers may not be able to board the first vehicle that arrives at the destination node due to heavy congestion. Moreover, most existing transit assignment models do not consider network stochasticity. In view of these limitations, this paper investigates the stochastic overload delay in a reliability-based transit assignment model.
Confronted with network uncertainties, the reliabilitybased traffic assignment problem has gained increasing attention from passengers and researchers. Traffic conditions are affected by many uncertain factors, such as adverse weather conditions, traffic accidents, vehicle breakdowns, signal failures, large events, and demand variations [1] - [6] . However, many studies of transit assignment models do not consider network uncertainties. Most existing methods assume that travel costs are deterministic, and the variance and covariance of travel costs are not addressed [7] - [12] . However, various empirical studies have shown that in-vehicle travel times and waiting times are not deterministic. In addition, these studies have demonstrated that passenger route choice behaviors [13] are affected by variations in the trip time [14] - [16] .
To address the issue, some studies [16] - [24] have developed reliability-based models to capture the stochastic costs of transit assignment problems.
Notably, the effective travel cost captures many of the individual cost components considered by passengers, such as transfer penalties, dwell times, and congestion [25] - [29] . As a result, the congestion cost due to capacity constraints has received considerable attention over the past two decades [30] , [31] . Recent studies of transit assignment issues have shown that the capacity constraint approach incorporates capacity constraints in transit assignment models to disallow the flow on a link from exceeding the corresponding capacity (e.g., [32] - [41] ). In the literature, the transit assignment models used are frequency-based [11] , [16] , [32] , [33] , [38] , [42] - [46] or schedule-based [37] , [47] - [54] approaches to modeling transit route choices. The frequency-based transit assignment models often assume that passengers select transit routes to minimize their perceived expected travel costs, and the excess flow is typically assigned to a pedestrian arc or a failure node. In schedule-based transit assignment models, it is assumed that passengers choose their transit routes and departure times. Moreover, the transit passengers who cannot board a vehicle must wait until they can board the next arriving bus with a sufficient capacity. As noted by Szeto et al. [16] , capacity constraints can be developed based on the concepts of the effective capacity and chance constraints. The passenger overload delay is positive if the effective link flow is greater than the effective link capacity and zero if the effective link flow is less than or equal to the effective link capacity. Moreover, the overload delays can be formulated as step functions. However, the overload delay of a route should be regarded as a random variable rather than a fixed value, which is unrealistic.
In the traditional transit assignment model [16] , the in-vehicle travel times and waiting times are regarded as random variables. Based on the concepts of the effective travel cost and reliability-based user equilibrium, the means, variances and covariances are considered in the proposed model. Moreover, the network uncertainty and risk-taking behaviors of passengers are incorporated into the transit assignment model. In addition, the traditional method considers the overload delay in the reliability-based transit assignment model and further assumes that the travel demand between each origin-destination (OD) pair in the system is known and fixed. These assumptions are not reasonable due to the variations in the travel demand. Additionally, the passenger flows in the morning and evening peak periods are more than those in off-peak periods. Therefore, we assume that the flow of passengers follows a normal distribution in this paper. This paper mainly models the overload delay with capacity constraints based on the reliability-based transit assignment model proposed by Szeto et al. [16] . The network capacity proposed by Szeto et al. [16] differs from those considering route choice behavior of passengers (e.g., [55] - [59] ). The concept of stochastic overload delay is presented in this paper rather than using capacity constraints that are determined based on chance constraints [16] . The benefits of implementation of reliability-based transit network optimization can be organized as follows:
• The proposed model will provide more information for passengers to estimate the travel time and make route choices for their journeys.
• The proposed reliability-based transit assignment model will be helpful for public transport managers to improve the level of service. Among various solution algorithms, the method of successive averages (MSA) developed by [60] was the first algorithm applied to solve the stochastic user equilibrium (SUE) problem [61] , and it can be applied with any stochastic network loading problem. The MSA is widely considered an efficient algorithm, and the advantages of the MSA are as follows. First, the algorithm will converge if the search direction is based on a descent vector and the average values. Second, the algorithm is based on a predetermined sequence of move sizes in the descent direction. Therefore, the difficult objective function calculations can be avoided. Based on the above discussion, the MSA can be adopted to solve the proposed model.
In this paper, we propose a new transit assignment concept: modeling the stochastic overload delay in a reliability-based transit network. The MSA is adopted to solve the newly proposed model. Numerical examples are established to validate the proposed model and verify it effectiveness in applications involving reliability analysis.
The remainder of the paper is organized as follows. In Section 2, the formulation of the reliability-based transit assignment model is presented. Then, a heuristic solution algorithm based on MSA is detailed in Section 3. We numerically validate the effectiveness and efficiency of the algorithm in the transit network in Section 4. Finally, conclusions and further studies are discussed in Section 5.
II. MODEL FORMULATION A. NOTATION
The mathematical notations used throughout the paper are listed as follows unless otherwise specified. An indicator variable, where
NOMENCLATURE

Sets
An indicator variable, where δ sn = 1 (link n competes with link s) or δ sn = 0 (otherwise). b sr An indicator variable, where b sr = 1 (link s is part of transit route (path) r) or b sr = 0 (otherwise).
B. BASIC ASSUMPTIONS
As in previous studies (e.g., [11] , [16] , [42] ), the following classical assumptions are made throughout this paper. B1. Passengers are assumed to randomly arrive at transit stops.
B2. The waiting time for a transit line on a link is independent of other lines on the same link.
B3. If possible, the passengers will board the first arriving bus.
B4. The passengers select the transit route that minimizes his/her effective travel cost.
B5. The dwell time and the capacity of each transit vehicle are assumed to be equal and constant.
B6. Due to network uncertainty, the in-vehicle travel time on a link is assumed to be random.
B7. Stochastic vehicle headways with exponential distribution functions are assumed for vehicles servicing different lines with α/f l , where f l is defined as the expected frequency of line l and α is a constant for unit conversion.
B8. A passenger is assumed to consider the transfer penalty when traveling by bus.
B9. The travel demand between each OD pair is assumed to be unfixed, which is more realistic than a fixed value.
B10. Unlike [16] , the flow of passengers is assumed to follow a normal distribution in this paper, which is realistic.
B11. The in-vehicle travel costs of different lines are independent. However, the in-vehicle travel costs B11. The in-vehicle travel costs of different lines are independent. However, the in-vehicle travel costs associated with different sections of the same line are dependent, and the covariances are known.
C. PROBLEM FORMULATION
In actual situations, the trip time consists of many different parts that can be represented by the in-vehicle travel time, waiting time and overload delay due to congestion. These parts can cause variability, and the passengers cannot determine the exact travel time required to complete the journey; that is, the passengers may run the risk of being late. Therefore, the effective travel cost is introduced to account for the travel time reliability issue [62] . References [2] , [6] , [15] , [16] , [18] , and [65] adopted a safety margin (additional time) to express the effective travel cost. Mathematically, the effective travel cost associated with route r between OD pair w, T w r , can be expressed as follows:
where C w r is the trip time on route r between OD pair w and is a random variable. The trip time consists of the link cost, transfer penalty cost, and total dwell time. The parameter ρ represents the degree of risk aversion of passengers. Thus, a high value of ρ indicates that the passenger does not attempt to decrease the uncertainty associated with being late (or increase the probability of arriving on time).
1) LINK COST COMPONENTS
The link cost is defined as the sum of the in-vehicle travel time, waiting time and total delay due to an insufficient capacity.
The in-vehicle travel time T s is defined as the weighted average of T l s for all the lines on link s. Based on the above assumptions, the means and variances of the in-vehicle travel time can be derived as follows: T l s . Therefore, the means and variances of the round-trip time on a given transit line can be derived as follows.
Based on the above assumptions, the mean and variance of the random waiting time X s can be derived as follows [15] :
where α is a constant for unit conversion. Passengers may not be able to board the first arriving vehicle due to an insufficient capacity. In this case, passengers may experience an additional waiting time (extra overload delay). Therefore, it is important for passengers to consider the overload delay [16] . When congestion exists in a transit network, it is very difficult to derive an analytical formula to model the overload delay [32] . Based on the results of [16] , the passenger overload delay in a congested transit network can be endogenously determined and described by an equilibrium condition. Thus, the overload delay cost is a stepwise increasing function based on the demand. The results are obtained under the assumption that the travel demand between each OD pair is assumed to be known and fixed. However, it is unreasonable to assume the travel demand remains fixed. Based on the above discussion, we assume that the flow of passengers follows a normal distribution in this paper and that the passenger overload delay is defined as shown below.
According to [16] , the effective capacity of link s can be defined as follows:
where k is the capacity of the vehicle (in passengers/vehicle), γ is a unit conversion factor, and α s is the maximum violation probability of link s, with 0 < α s ≤ 1. In this case, α s is a parameter defined by the modeler. It is assumed that the flow of passengers follows a normal distribution F s ∼ N (µ, σ 2 ), and the probability distribution of the passenger flow can be calculated as follows:
where lf s is the effective flow on link s and a and b are the upper and lower bounds of the passenger flow. It is clear that the interval is a random variable and determined by the effective capacity of link s and the capacity of the vehicle. The corresponding waiting time is also influenced by the expected frequency of line l.
Based on the above discussion, the overload delay can be derived as follows.
By substituting (9) and (10) into (11), we can obtain the passenger overload delay on link s.
The overload delay on link s related to competing link n is the overload delay of the competing link d n times the proportion of the capacity of link s shared by the two links due to sharing the capacity of the same set of lines between passengers on different links. Hence, the total overload delay on link s can be expressed as follows:
where δ sn = 1 if link n competes with link s and δ sn = 0 otherwise.
2) TRANSFER PENALTY AND DWELL TIME
The total transfer penalty on route r isP r = ( s∈S b sr − 1)P, which represents the discomfort cost due to the transfer inconvenience. The dwell time at the tail node of the link is the weighted average of the dwell time π l s t l 1 . Additionally, b sr is the link-path incidence indicator variable, which equals 1 if link s is a part of the transit route (path) r and equals 0 otherwise.
3) EFFECTIVE TRAVEL COST
Based on the above discussion, and by obtaining the expectation and variance of both sides of Eq. (2), the effective travel cost on route r between OD pair w can be expressed as (Eq. (14)), as shown at the top of the next page. 
4) RELIABILITY-BASED STOCHASTIC TRANSIT ASSIGNMENT MODEL
According to assumption B4, we define the reliability-based user equilibrium (RUE) as follows. The transit network is said to be at RUE; thus, for each OD pair, the effective travel costs on used routes are equal and not greater than those on unused routes. The RUE conditions can be mathematically stated as follows:
where u w is the effective travel cost at equilibrium over all the routes that connect OD pair w ∈ W and y w r is the passenger flow on route r ∈ R w .
Moreover, there are two important relationships (the flow conservation constraints and the relationship between link flows and route flows), which can be formulated as follows: 
where q w is the demand for OD pair w ∈ W . The equations above can be indirectly solved using the gap function method as described in the following section.
III. SOLUTION ALGORITHM FOR SOLVING THE RELIABILITY-BASED STOCHASTIC TRANSIT ASSIGNMENT PROBLEM
According to [23] , [47] , and [49] , we use the MSA, which sequentially generates strategies by solving a dynamic equation. The convergence condition of the MSA was stated in Theorem 3 in [66] . With the current strategic assignment vector, the convergence of the algorithm is checked based on the following relative gap function (see [47] ).
The MSA works as follows.
Step 1 (Input): transit O-D matrix; fleet size; and the mean, variance and covariance of the in-vehicle travel times.
Step 2 (Output): transit route cost and route flows in RUE.
Step 3 (Calculations): link cost C w r (sum of the in-vehicle travel time, waiting time and passenger overload delay) and total dwell time s∈S b sr l∈A s π l s t l 1 .
Step 4 (Initialization): iteration number n = 1, and setmu(i) = 0 and sigma(i) = η * mu(i) (η = 0.25) for all links.
Step 5 (Update the Route Cost T w r ): refer to Section 2.3.3 for details.
Step 6 (Proportional Network Assignment): equally assign the matrix to the transit network with the updated route cost T w r , which results in a new passenger flow y w r and overload delay d s for all links.
Step 7 (Set Step Length): ξ (n) = 1 n.
Step
Step 9 (Stop Criterion): stop after Gap < ε (ε is a given value), or set n = n + 1 and proceed to step 5.
IV. NUMERICAL EXAMPLES
To illustrate the proposed model, a transit network is adopted, as shown in FIGURE 1 (see [16] ). The network consists of five nodes and nine transit lines, and this network approximates the existing bus network in Singapore. There are five nodes in the example: Jurong East (JE), Boon Lay (BL), Harbour Front (HF), Toa Payoh (TP) and Eunos (EU). TABLE 1 shows the four OD pairs (with HF being a transfer hub) and the corresponding ten routes used in this example. Obviously, there are two transit routes between OD pair JE-EU. For route R1, there are two links S2 and S5. There are two lines L1 and L2 on link S2 and three lines L1, L3 and L4 on link S5 as shown in Figure 1 . The means, variances and covariances of the in-vehicle travel times of the transit lines and the fleet sizes for the line segments are listed in TABLE 2 [16] . The total capacity of each bus in this example is assumed to be 85 passengers. The transfer penalty cost is set to 30. The maximum violation probability is set to 0.05, and the headway is assumed to follow an exponential distribution based on the mean. The dwell time at each stop and the layover time are 1 min and 15 min, respectively. The stopping tolerance criterion is set to 10 −2 .
The stochastic demand function is assumed as follows. 
To test the effects of different demand levels, the maximum O-D demand is set as follows:
where z is a scale multiplier for the O-D demand. The parameter ρ is set to 2.75. The algorithm described in Section 3 is adopted to solve the proposed model. The effective travel cost at equilibrium is shown in Table 3 . This travel cost is the minimum of the effective route travel cost for each OD pair. According to Table 3 , the equilibrium results satisfy the RUE conditions. In addition, the flow satisfies the conservation condition.
A. EFFECTS OF DEMAND ON THE EQUILIBRIUM COST
To illustrate the effect of demand on the equilibrium cost, the multiplier z for all OD pairs was set from 0.1 to 0.5. For comparison, we adopted the OD pairs used by [16] . The detailed results are shown in Fig. 2 . Notably, when the demand is low, the overload delay is zero and does not influence the equilibrium cost. Moreover, the equilibrium costs for all OD pairs in this paper are consistent with the results of [16] when the demand is low. For OD pair 1, the equilibrium cost is 134.2 minutes in [16] when the demand is less than 136 passengers/hour. Similarly, the equilibrium cost is 134.2 minutes in this paper when the demand varies from 50 passengers/hour to 234 passengers/hour. The equilibrium cost remains unchanged because the overload delay is zero. According to this figure, it can be inferred that the equilibrium cost results of [16] increase in a stepwise manner with the demand. However, the equilibrium cost in this paper gradually increases with the OD demand. When the demand increases above a certain level, the overload delays are positive and sum to the equilibrium cost. For OD pair 3 used by [16] , the equilibrium cost is 128.5 minutes until the demand reaches 201 passengers/hour. Then, the equilibrium cost jumps to 152.2 minutes when the demand exceeds 201 passengers/hour. However, the equilibrium cost gradually increases when the demand exceeds 148 passengers/hour for OD pair 3 in this paper. This finding is reasonable because the demand in [16] is a random fixed variable, and the demand in this paper is assumed to follow a normal distribution. In other words, the passengers are not arriving at the station all at once. For example, when there are two passengers waiting for the next arriving vehicle, the waiting time is assumed to be 10 minutes. Then, another passenger arrives at the same station after one minute, and the waiting time of the third passenger is 9 minutes. 
B. EFFECTS OF DIFFERENT PARAMETERS ON THE SOLUTIONS
To illustrate the effect of parameters α s and ρ on the flow pattern, we conducted the following experiments, as shown in Fig. 3 and Fig. 4 . The effects of the maximum violation probability α s on the flows of routes 6, 7 and 8 are depicted in Fig. 3 . The maximum violation probability α s is the largest probability that the flow on a link is greater than or equal to the link capacity. Thus, as the maximum violation probability α s decreases, the link flow limit becomes more stringent. For example, when the maximum violation probability α s varies from 0.05 to 0.25, more passengers will broad R6, which has the smallest effective travel time between OD pair 3. Additionally, the passenger flow on R7 decreases as the maximum violation probability increases. This relation satisfies the RUE conditions. The flow conservation condition is also satisfied. Moreover, the flow on R8 stabilizes to the level VOLUME 7, 2019 of demand of 400 as the maximum violation probability α s increases. The influence of the degree of risk aversion of passengers ρ on the equilibrium cost between OD pair 1 is depicted in Fig. 4 . Three cases are considered in this section: ρ = 0, ρ = 1.65 and ρ = 2.75. According to Fig. 4 , we observe that the equilibrium cost of OD pair 1 increases as the degree of risk aversion of passengers ρ increases. Moreover, the equilibrium cost of OD pair 1 also increases as the demand increases. The above two circumstances hold because a high degree of passenger risk aversion lead to a large safety margin.
C. THE EFFICIENCY OF THE PROPOSED ALGORITHM
This section highlights the efficiency of the proposed algorithm. The main program terminates after 103 iterations. The convergence of the proposed algorithm is shown in FIGURE 5. According to FIGURE 5, the proposed algorithm produces a very stable solution for the illustrated transit network, although the convergence errors do not monotonically approach to zero and initially fluctuate. These fluctuations are due to the non-monotonic property of the MSA algorithm.
V. CONCLUSIONS
A new transit assignment problem that considers stochastic overload delay in a reliability-based transit network is proposed in this paper. The passenger flow is assumed to follow a normal distribution, which is reasonable to estimate the effective travel times of passengers. The in-vehicle travel times and waiting times are regarded as random variables. The minimization program can be reformulated as a routebased linear programming problem that can be indirectly solved. To solve the proposed model, a method is proposed based on the MSA algorithm. The proposed algorithm guarantees finite convergence, and the effectiveness of the model is illustrated for a simple transit network. Numerical studies are also explored to illustrate the properties of the proposed model. The proposed model and the solution algorithm can significantly help passengers budget their travel time with a given degree of risk aversion. However, this paper has several limitations, and thus, we suggest the following future research.
(1) For large transit networks, it may be very time consuming to quantitatively assess the effective travel costs of all the feasible routes. Therefore, extending the traditional route-finding algorithm to identify potentially feasible routes is promising for further research, such as artificial intelligence algorithm and machine learning algorithm [63] , [64] .
(2) In this paper, we only consider a single class of passengers. In future studies, we will incorporate vehicles of different types and different capacities.
